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Finite-Element Model for Composite Beams with Arbitrary
Cross-Sectional Warping

Alan D. Stemple* and Sung W. Leet
University of Maryland, College Park, Maryland

A finite-element formulation has been developed to take into account the warping effect of composite beams. This
formulation is to be used to model combined bending, torsional, and extensional behavior of composite beams. The
new approach can model thin-walled beams with complicated cross sections, tapers, and arbitrary planforms. The
strain is assumed to vary linearly through the wall thickness. Warping effects are properly incorporated in the
formulation by assuming small warping displacements superimposed over cross sections in the deformed configura-
tion. Transverse shear deforimations are included. Numerical tests of example problems demonstrate the validity and
effectiveness of the present approach. Comparisons of the present formulation with a shell element formulation and
an experimental observation show excellent agreement.

Nomenclature 6,,6,,0, = rotations about reference axis xz,y .z,
a,,a,,a; = reference orthogonal unit vectors in the respectively
undeformed configuration K = ponnahzed strain curvature vector
ajas.aj = reference orthogonal unit vectors in the Vi2:V13,Y23 = indcpendent Poisson’s ratios
deformed configuration o = stress vector in local coordinate system
B4 B = global and local strain-displacement Om = stress vector in principal material system
matrices, respectively
C = elastic constant matrix for orthotropic
material in principal material axis L. Introduction
C = elastic constant matrix for orthotropic YN today’s aerospace industry the use of composite materi-
-material in rotated axis als is becoming important due to the potential for saving

EE, E; = elastic moduli weight, increasing fatigue life, and designing with aeroelastic

G = global strain vector tailoring. In general, composite materials cause a structure to
f = warping displacement normal to deformed be anisotropic and add complexity to the structural analysis.

cross section Certain structural elements such as spars and helicopter

F = global load vector blades can be approximated as beams, often with complicated
G5,G13,G,; = shear moduli cross-sectional geometries. They may be subject to combined
iy,00, = global orthogonal unit vectors axial, bending, and torsional loading.
J = Jacobian matrix In order to achieve maximum structural efficiency through
K = global stiffness matrix aeroelastic tailoring, it is necessary to use composite laminates
M = scaled bending moment per unit length with different ply angles. As a result, composite beams will
N = scaled in-plane force per unit length exhibit coupling among extensional stiffness, bending stiffness,
N! = one-dimensional shape function at node i and torsional stiffness. For example, extensional-torsional stiff-

2 = two-dimensional shape function at node j ness coupling is desirable to change the twist distribution for a
q = nodal displacement vector two-speed rotor, and bending-torsional stiffness coupling is
t = thickness ‘ necessary for pitch-flap stability of helicopter rotor blades.
T = tensor transformation matrix Coupling between extension and torsion exists even for
T, = composite material rotation matrix pretwisted isotropic beams.!™
U = global displacement vector of a generic point When warping is not present, the two most common beam
Uv.w = components of U theories are the Euler-Bernoulli theory and the shear-flexible
X = position vector of a generic point theory. Unlike the Euler-Bernoulli theory, the shear-flexible
XY, Z = components of X ' theory allows transverse shear deformation. In shear-flexible
XV RoZR = reference coordinates theory the rotation variables are defined independently of
€ = strain vector in local coordinate system translational displacements. This allows easy modeling of large
& = strain vector in principal material system deflections or finite rotations. Many finite-element formula-
&’ = strain vector at midsurface tions have been developed using these two theories without
&, = nondimensional local coordinates including the effect of warping.

= angle between local axis and principal
material axis
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Analytical and finite-element formulations exist that account
for cross-sectional warping. For examples relevant to com-
posite beams, see Refs. 4-8. However, these existing formula-
tions do-not allow for arbitrary warping and cannot accurately
model the warping of complicated cross sections. Recently, Lee
and Kim® developed a finite-element formulation that allows
arbitrary warping for isotropic beams of complicated cross
section, taper, and twist. In their formulation, a shear-flexible
beam is used with a small warping displacement superimposed
over the cross sections in the deformed configuration.
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Fig. I Geometry and kinematics of a thin-walled beam.

In the present paper, the approach taken in Ref. 9 is ex-
tended to finite-element modeling of thin-walled composite
beams. Again, the formulation adopts the shear-flexible beam
theory and allows arbitrary cross-sectional warping. Aithough

the formulation could be modified to allow for any type of

polynomial strain distribution through the thickness, the for-
mulation presented in this paper addresses thin-walled com-
posite beams and thus assumes a linear strain distribution
through the thickness.

In the present paper, the displacements are assumed small. A
description of the kinematics of deformation, stress-strain rela-
tion, and formulation of the stiffness matrix is presented in the
following sections. Subsequently, numerical tests are presented
to validate the present approach.

II. Kinematics of Deformation

Figure 1 shows a part of a thin-walled beam before and after
deformation. In the undeformed state, the generic material
point p is in the plane normal to the beam axis at point 0. For
the description of geometiy and kinematics of deformation, a
fixed global Cartesian coordinate system is defined with unit
vectors #,, i, and ;. For convenience, a reference coordinate
system with components X, ¥, and z is defined such that the
unit vector a; is along the beam axis that is normal to the
undeformed cross section. The unit vectors a, and a; are in the
undeformed cross section such that together with a, they form
an orthogonal coordinate system. In addition, a locat orthogo-
nal coordinate system is set up on the midsurface of the wall
such that the x axis is paraliel to a,, the y axis is tangent to the
wall midsurface, and the z axis is normal to the wall midsur-
face. With the above definitions of the coordinate systems, the
position vector of point p before deformation can be expressed
as :

X=X0+yR.a2+ZRa3 ) (1

where X is the position vector of point p with components X,
Y, and Z in thé global coordinate system, and X, is the
position vector of the point 0 with components in the global
coordinate system.

Introducing one-dimensional shape functions N}(&), Eq. (1)
can be expressed as ‘ '

X=3 NXo+ 3 yeNiay+ Y zkNiaj 2
i=1 i=1 i=1

where n is the number of nodes being considered for the one-di-
mensional shape function, and N} is the one-dimensional shape
function for node i in terms of the nondimensional parent
coordinate ¢. The quantities with superscript i are those evalu-
ated at node 7. For example, see Fig. 2a for the nodes located
along the beam axis or x, axis.
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Fig. 2b  Warping nodes of an element.

Over the cross'section located at node i along the x axis, the
coordinates y% and z); can be expressed in terms of nodal
coordinates as

m

Y=Y N}y (3a)

j=1

2k =), Nizg); (3b)
j=1
In Eq. (3), m is the number of nodes, N7(1,{) is the two-dimen-
sional shape function of the parent coordinates n and {, while
the superscript 7 indicates the cross section located at node i
along the x axis. See Fig. 2b for the nodes used to describe y’%
and z%. '

A flat cross section that is initially normal to the beam axis
or a; translates and rotates in three-dimensional space. The
unit vectors in the deformed configuration are defined as a}, a5,
and a3 as shown in Fig. 1. Small warping displacements are
then superimposed over the flat cross section in the deformed
configuration. The displacement vector U of a generic point p
can be expressed as

U=U,+U; (4

where Uj is the displacement associated with the three transla-
tional displacements and three rotational angles, and U, is the
warping displacement with one-dimensional component f in
the direction normal to the cross section in the deformed
configuration. If 6,, 6,, and 0, are rotation angles of the cross
section around the a,, a,, and a; axes, respectively, then for
small angles the displacement vectors can be written as

U, = Uy + yx(0,a; — 0,a)) + zz(6ra, — 0,a,) (5a)

Uy =fa, (b)

After introducing shape functions, the above equations may be
written as

Up= ¥ NiUp+ 3 3. NYyjNi(0ia} ~ 6%a))
= i=1lj=1

+ 2 ¥ NjzpiNi(0ia} — 0iat) (6)

i=1j=1
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Y NfiNial (7

where U}, 04, 05, 0%, and f{ are nodal values. It should be noted
that over the cross section located at node i along the beam
axis, the vector a’ is constant. Also, note that the assumed
warping displacement vector U, in Eq. (7) contains redundant
rigid-body translations and rotations that must be suppressed.®
This point will be discussed in Sec. V.

1. Strain Displacement Relation
Strain components corresponding to Egs. (6) and (7) can be
expressed in the global coordinate system or in the local coor-
dinate system. For finite-element formulation, the strain com-
ponents with respect to a particular coordinate system are
expressed in terms of nodal degrees of freedom (DOF). For a
beam with curved geometry and a complicated cross section, it
is convenient to use strain in the local orthogonal coordinate
system. In the present formulation, strain is initially expressed
in the global coordinate system and then transformed to the
local coordinate system through the strain transformation

matrix. )
For small deflection, the strain vector E¢ in the global coor-
dinate system, which has six components, can be expressed as

EC=E§+Ef (8)

The global strain vector ES corresponding to U, can be ex-
pressed in terms of nodal displacements by )

where BY is the global strain-displacement matrix and is a
function of &, #, and {. The nodal displacement vector g, is
expressed by

g, =[ULVELWL01.61.601.U3....00.0%7 (10

and UL, Vi W} are the global coordinate components of the
displacement vector U} at node i. The angles 6%,6%,0% are the
rotations about the referénce axes at node i (see Fig. 2a).

Similarly, the global strain vector E¥ that corresponds to U,
is expressed in terms of the nodal warping displacements as

Ef =Bi(&n.q, . ' (11

where BY is the global warping strain-displacement matrix.
The nodal warping displacement vector g, is expressed as

qf: Lf}’fé’f:l’” JI :szT (12)

and f] is the displacement of warping node j at cross-section i.

The global strain vectors E and EY are related to the corre-
sponding local strain vectors through the strain transformation
matrix 7 such that

¢, =TE] = B,g, (13)
¢,= TES = Bg, (14)
where v
B, =TB§
B, T8}

The total strain vector & can then be expressed in the local
coordinate system by

e=2, +e&

= Byg, + By, (15)
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Note that the local strain vector ¢ has only three components:
Eyps Eays a0 &y

In the present paper, an element is assumed to have two
nodes in the thickness direction for the description of geometry
and cross-sectional warping, as shown in Fig. 2b, and the strain
is considered linear through the element thickness. Using the
nondimensional coordinate {, (—1 < { < 1), through the éle-
ment thickness, the strain vector can be expressed as

8=+ (x (16a)

where
8% =5, +8_,) (16b)
k=(12a)(e, ~2_,) (16¢)

In Egs. (16b) and (16c), ¢, and e_,aregat{ =gand { = —a,
respectively. Note that a = ,/3/3 in accordance with the two-
point Gaussian quadrature rule. Using Eq. (15), the above
relationships may be written as
e =3{(By), + (By)_Jla» +3(B). + (B) _Jay (17a)
k = (1/2a){(By), — (By) _ g + (1/20)(B), — (B)_,lg; (17b)
where (B,), and (B)), are the strain-displacement matrices eval-
uated at the point { =a, (B,)_,, and (By)_, are the strain-dis-

placement matrices evaluated at the point { = —a.
After rearranging, Eqs. (16b) and (16¢c) become

(-l i o

B, = (112((By), + (B,)_.]
B, = (124)(By), — (B,)_.]
B, = (1D((B), +(B)_,]
B, = (120)(B), — (B)_,]

where

The B,,, B, B, and B, matrices are independent of {. Simi-
larly, the determinant J of the Jacobian matrix J corresponding
to Eq. (2) can be expressed as

J=Jy+ T =Jy(1 +ad) (19)
where
o= (12, +J_2)
Ji=02a0J, = J_,)
a=J/J,
Again, J,and J_, are J evaluated at { = @ and { = —a, respec-
tively.

IV. Stress-Strain Relation

Figure 3 shows a single-layer fiber-reinforced orthotropic
composite lamina along with the two orthogonal coordinate
systems used to describe it. The x,y,z system corresponds to the
local coordinate system. For the 1,2,3, or principal material
system, the 1 and 2 axes are embedded in the plane of the
lamina with the 1 axis along the fiber direction and the 2 axis
normal to the fiber direction. The 3 axis is identical to the z
axis. For an orthotropic material, the linearly elastic stress-
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Fig. 3 = Coordinate systems of a fiber-reinforced lamina.

strain relation is

Ce (20)

Q
32
Il

where

7
G, = [01,62,033023031012)

T
8y = [811820833823831812]

and C is the 6 x 6 symmetric elastic constant matrix with the
following nonzero entries:

C, = (1 —vavn)E /A
Cio=Cyy = (p+ vy Ex/A
Ci3 = Cs; = (vy3 +Vi2vas) EsfA
Cop = (1 — v3yvi3) E5/A
Csy = Crp = (V33 + voivia) Es/A
Caz = (1 — vy v)Es/A
Cas=Gos,

Css= Gy Cos = Gy,

with
A = (1 = vipvy; — Vag¥p3 — Viz¥sr — 295 ViaV32)

All other entries are zero. The subscript m represents the prin-
cipal material coordinate system. The stress vector ¢ and the
strain vector ¢ in the x,y,z system are related to o, and g,
through the transformation matrix T, such that

oc=Tgo, (21a)

g, =1TT¢ (21b)

Then for stress ¢ and strain ¢ in the x,y,z system

a=Ce 22)

where
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Introducing Eq. (16a) into Eq. (22),
6 =CE"+ () (23)

The equations for ¢ and {o are then intcgrated over { to pro-
duce the following relationship:

L {;}(1 o) dl = P{S:} (24)

‘re ¢
= . _ + dl
P L[cc c?—c]“‘“g ,

is a 12 x 12 symmetric matrix. Inverting Eq. (24) for a given a

{go}r.P—*jl ff’}(waz) at (25)
& Lo

In accordance with the shear flexible beam theory, the fol-
lowing constraints now can be introduced into Eq. (25).

1 1 1
J- a,, 0= J 0.4l = j a,. =0 (262)
—1 1 _1

1 1 i
J’ Cayy dC = J Co-zz dC = { Ca_pg d( =0 (26b)
~1 1 Jo1

where

1 1 1
[ {6, dl = j (%6, d{ = J( {%,.d( =0 (26¢)
—1 i

—1t

The constraints in Egs. {26) reflect the assumption that the
effect of the integrals on strain is negligible. When the rows
corresponding to £9,, £2,, 2, k. k.., and i, are deleted, P~
reduces to a 6 x 6 matrix. The inverse of Eq. (25) is taken to
give the following relationship:

{z} - [; i]{ 1} (27a)

where
o .
J 0 {1+ 0al) dl
No) | e
N= }VZX = JA sz(} +O{C) dal > &= ng
Mol |
( ny(l + 05(:) d¢
T )
r (27b)
1
Kxx
to. (1+al)dl >,  wk=1Ix
1

M.,

XV

&

1 1
J o1 +af) df

o (1 +af) dl

1
A ~

M,
M=lm =<J
|

In Egs. (27), 4 represents in-plane stiffness, B represents in-
plane stiffness coupling with bending stiffness, and D repre-
sents bending stiffness. Equation (18) gives ° and & in terms of
nodal displacements. With Eq. (18) and Eqgs. (26), the general-
ized stresses NV and M are related to the nodal displacements.
The next section uses these relations to form the stiffness
matrix.
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L= 20in.
b=1lin. b
h= 0.25in.

Fig. 4 Beam with solid rectangular cross section.

V. Formulation of Finite-Element Equation
A beam is initially divided into “translational and rota-
tional” nodes and “warping” nodes. Figure 2 shows a typical
element used in this paper. The element has three translational
and rotational nodes, as shown in Fig. 2a, and 24 warping
nodes, as shown in Fig. 2b. Each translational and rotational
node has three translational DOF and three rotational DOF.
Each warping node has a single DOF, which is normal to the
deformed cross section.
For a solid body in equilibrium, the principle of virtual work
states that
on=0U—-W =0 (28a)

where
5U=J‘ oeTo dV (28b)
v

is the internal virtual work, and W is the external virtual
work.

For an element, the internal virtual work dU, can now be
expressed as

éU, =J58Ta dv (29)
Using the relationship in Eqgs. (16a) and (19), 6U, becomes

oU, = f(és" + {6K) Tod (1 +af) d¢ dn & (30)
Equation (30) can be integrated through { such that

5U€ = J‘(Nxxb‘e.?cx + NZX(SE(Z)X + ]Vx_véggy

+ eraxxx + szész + Mxy(sxxy)']() dé d'7 (313)

or

U, = J{és”&x T}{II‘V/I}JO dé dy (31b)

Equation (31b) can be rewritten using the relation in Eq. (27a)

as
U, = j{&soTéxq[;T ﬁ]{i}]o dé dy (32)

From Eq. (18), £° and x are known in terms of the nodal
displacements. The element internal virtual work can now be
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written as

e[ (o o)

Lo oot g fu oo

After rearranging, Eq. (33) becomes

8U, = 6q7K,q, +6qiK g, + 647K q, + 09/ Ky,  (34a)

where
e[ nf o pfiscfrecar oo
K - L {l’:::}r : ;‘T g :{Z{:}JO d¢ dy (34c)
s d [ pfisfrocer oo

In the above equation, K, represents the element stiffness
matrix corresponding to the translational and rotational dis-
placements g,, K, is the element stiffness matrix due to the
coupling between ¢, and g,, and K, represents the element
stiffness matrix corresponding to the one-dimensional warping
displacements ¢;.

Equation (34a) may be rewritten as

oU, =3qlK.q. (3%
where
Kb K(:

is the element stiffness matrix and

g.= {”"} (37
qr

1s the element nodal displacement vector.

The global stiffness matrix is obtained by assembling the
element stiffness matrices. As mentioned earlier, the superposi-
tion of warping displacement over translation and rotation of
a cross section introduces redundant rigid-body translations
and rotations. In order to eliminate the redundant rigid-body
modes, three arbitrary warping displacements are fixed on each
cross section.” This creates a flat surface, a reference plane from
which warping displacements are measured.

The external virtual work éW, for a single element can be
expressed symbolically as

oW, =5q.07 (38)

where @, is the element load vector. After the element stiffness
matrices and clement load vectors are assembled to give the
global stiffness matrix K and the global load vector F, the
following equation

Kg=F (39)

is solved for the nodal displacements.

V1. Numerical Tests and Discussion
To verify the usefulness of the new formulation presented in
this paper, several numerical tests of various problems were
performed. The results of the numerical tests are compared
with an experimental result and other independent numerical
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<
solutions using shell finiteé-element models. A hollow elliptical < L L
cross section and a hollow circular cross-section beam as well ©, 50} 1 !b LONGITUDINAL LOAD
as a solid rectangular cross-section beam were chosen as exam- - O SHELL SOLUTION
ple problems. Reference 9, which deals with isotropic beams, o 0
includes results of numerical tests for pretwisted and tapered = )
beams. 5
All examples were calculated using double-precision accu- v 30 N
racy on the University of Maryland’s Sperry 1100/92 computer <
system. For convenience, the element mesh will be written as % 20 |
g x r, where ¢ represents the number of elements in the beam =
axis or longitudinal direction, and r represents the number of ) !
elements in the cross section. Z 10 R
Thin Rectangular Section §
. S . — O 1 H 3 ke i i L L L ! I L 1 : i S
To examine the ability of the present finite-element model to 2 "o 10 20 30 40 50 &0 70 80 s0
handle the extensive stiffness coupling, a simple two-layer fiber- S W PLY ANGLE, © (deg.)

reinforced rectangular beam was considered. Figure 4 shows
the cantilever beam with its dimensions. The material used is
T300/5208 graphite/epoxy with the following properties: 0002 T
tb LONGITUDINAL LOAD

o SHELL SOLUTION

E, =213 x 10° psi
E,=E;=1.6 x 10°psi
G, = Gy3 = 0.9 x 10° psi

VERTICAL DISPLACEMENT (in.)

0.001 | le/0] -
Gy = 0.7 x 10° psi :
Vip = Vi3 =028
vy =0.5
Two types of ply layups, [0/0] and [§/— 6], were chosen with 0000 e L L
the angle @ varying from 0 to 90 deg. The separate effects of the o 10 20 30 40 50 50 70 80 s0
following loadings, applied at the tip, were investigated: a unit b) PLY ANGLE, © (deg.)
longitudinal load, a unit shear or vertical load, and a unit
torsional load. 0.006
Results using the present formulation are for a 2x 1, ’ L, L
44 DOF element mesh. The nodal distribution of a cross sec- - I 1 1b LONGITUDINAL LOAD 1
tion is shown in Fig. 5. Figures 6a~i show the results of the o 0005 - © SHELL SOLUTION s
three applied loads on the beam. In addition, the converged ;8/
solution for a finite-clement code using a shell formulation'®!! _ 0.004 - .
is also plotted ‘in Figs. 6a—i for comparison. This example f [e/-6]
shows that the present formulation accurately models the cou- > 0.003 L |
pling between bending, torsion, and extension. Considering the w (6/0]
relative thickness of this specimen, a mesh with multiple cle- I
ments in the thickness direction may be investigated. Z 0002 g
=
Hollow Circular Section = 0.00% - 1
The second structure modeled was an eight-layer fiber-rein- -
forced composite beam with a hollow  circular cross section. 00008 PP =

10 20 30 40 50 60 70 80 90

Figure 7 shows the geometric dimensions of the beam with o PLY ANGLE, @ (deg.)
L =24in, R=0.804in., and ¢ = 0.04 in. The material used
for the cylinder was T300/5208 as in the previous example, and
the ply layup used was [{ —20/70),],. The cylinder was subject o~ 0.002 T . .
to two loading conditions. First, a uniformly distributed longi- £ [ 1 ib SHEAR (VERTICAL) LOAD j
— o SHELL SOLUTION v 1
Z ]
(&
< i ]
; &) 0.00% [ te/0] .
=)
* _‘
<
Z
O
-]
=
o
L 2 *— *® < Z »
O OOOO i 1 I i L 1 —_ 1 x L L H " 1 L J e
i . | o 10 20 30 40 50 60 - 70 80 SO
®  Warping nodes sk Translation and
rotation node . o) PLY ANGLE, O (deg.)
Fig. 5 Nodal distribution on rectangular cross section. Fig. 6 Displacements of a two-layer rectangular section beam subject to

a unit load.
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—~ 1 1b SHEAR (VERTICAL) LOAD = ——
C o
= | © SHELL SOLUTION O 100 - 1 in.—lb TORSIONAL LOAD -
. i o SHELL SOLUTION
z
Z 3
L 1.0 : 80 - 4
3] £
& = fo/-6]
% 2 6o} i
% Q
v 8/0
& g5k / 03— {e/0]
1 40 - .
< % 40
1= (=} L
v / 1
= < 20F i
=z
> OO 1 1] + H . 1 L 1 L L 1 1 I i L 1 i 5
) ) 16 20 30 40 50 60 70 80 90 5
e [-: O " 1 o 1 1 i L T 2 e )] N 1 X
PLY ANGLE, © (deg’) [T} 0 10 20 30 40 50 60 70 80 90
& o PLY ANGLE, O (deg.)
S &
0.6 T LI i L A S B St S /;:\ R L L
t ~o 1 ib SHEAR (VERTICAL) LOAD < 0.010 1 in.—ib TORSIONAL LOAD i
o os | // o SHELL SOLUTION 4 n o SHELL SOLUTION
L]
3 x 0.008 N
0.4 - —
i | =
fe/0] % c.006 b -
pd - .
Lo u [e/0]
o i3
TR | & 0.004 | 4
< v
— ] a ’
“ogq L i 4 0002 4
z S
=
OO n 1 . 1 ] L 1 1 1 L 1 1 i 1 i n o OOOO 2 { H 1 1 1 i Il - . 11 n 1 N 1 n
f 0 10 20 30 40 50 60 70 80 90 W 0 10 20 30 40 50 60 70 80 90
’ PLY ANGLE, O (deg.) b PLY ANGLE, O (deg.)
0.3 — T T T I S e N
1 in.~lb TORSIONAL LOAD
o SHELL SOLUTION
~
o |
Lo2yp
S
bad 4
-1
a J
<Z( A
[e/-e]
. 01 F _
@ L 4
=z ]
=
OO 2 1 n L It ] 1 H L b PRt i 1 —_
“o ic 20 30 40 50 60 70 80 90
) PLY ANGLE, © (deg.)

Fig. 6 Continued: displacements of a two-layer section beam subject te a unit load.

tudinal load of 1000 Ib was applied at the tip to show the
coupling between extension and twisting. Second, a shear load
of 10 b was applied at the tip. Four element meshes were used
to verify convergence. The element meshes are 1 x4, 1 x 8,
1 x 12, and 4 x 4. Figure 8 shows the nodal distribution of a
cross section with four elements.

Table 1 contains the axial displacement and twist angle at
the tip for the longitudinal loading condition and the tip deflec-
tions for the shear load. The converged solutions from a shell
element formulation are also presented in Table 1. In addition,
the experimental observation of Nixon!? for an axial loading is
included in Table 1. These results show excellent agreement.
Because of the axisymmetry, there is no cross-sectional warp-
ing in this problem. However, the warping nodes are still
needed to describe the geometry of the cross section. For the
circular geometry used, eight elements per cross section gave

convergence to four digits of accuracy. More complicated cross
sections would require more elements to model the geometry
and the cross-sectional warping accurately.

Hollow Eliptical Section

The third structure modeled was an eight-layer composite
beam with a hollow elliptical section. The layup used was
{(—20/70),],, the material used was T300/5208 as in the previ-
ous example. The cross-sectional dimensions are shown. in
Fig. 9 with a=201in., 6 =10in., and 7 = 1.0 in. The beam
length was 1000 in. Three loading conditions were applied to
the beam, each having a unit magnitude. In addition to the two
types of loads applied to the circular cylinder, a torsional load

was applied to the tip.

Table 2 shows the displacements predicted by the present
formulation using a 1 x 12 mesh for the above loading condi-
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Table 1 Composite circular cylinder under uniformly distributed tip
axial and shear loads

Longitudinal load Shear load
(1000 1b) (10 1b)
, Axial Tip
Twist angle = displacement displacement
Element 8, u x 107 w
mesh (deg) ) (in.) (in.)
1x4 —1.9287 2.1676 0.12976
1 x8 —1.9329 2.1708 0.13015
I x12 —1.9332° - 21710 0.13018
4x4 —1.9287 2.1676 0.12971
Shell Fig. 9 Beam with hollow elliptical cross section.
element —1.929 217 0.12978
solution . .
tions. The converged solutions from a shell element formula-
Experimental : tion are also presented. The maximum differences between the
observation —1.98 ) two solutions are less than 0.6%.

Table 2 Composite elliptical cylinder under unit tip loads .
V1I.  Conclusions

Longitudinal load Shear load  “Torsion load The results of the numerical tests presented in this paper
Axial Tip shpw that the. present formulatlo_n can model the e_xtenswe
Twist angle  disol t displacement  Twist angle stlffness‘ coupling found in composites. For the fiber-reinforced

g placemen D
8, x 10° w %106 W 8, x 108 composite beams2 results were compared to those from a shell
(deg) (in) " (in) (deg) element formulation. Good agreement was found between the
two formulations. However, the beam model presented in this
Present R ’ paper involves about 60% fewer total degrees of freedom than
formu- the shell element model. Accordingly, the beam model requires
lation —10.429 1.888 0.010854 2.5494 much less computing effort than the shell model. In addition,
Shell ' for rotor -agroelastic problems in which aerodynamics is cou-
formu- ' pled with structural stiffness,. it is more convenient to model
lation —10.419 1.887 0.010798 2.5446 rotor blades as beams rather than as shells. In the case where

an experimental result was available for the hollow circular
cylinder under a longitudinal load, good agreement was ob-
served. For the cases tested, the convergence characteristics
were very good. The results for the test cases demonstrates the
validity of the approach introduced in this paper to incorporate
the warping effect properly.

Although rather simple geometries were presented in this
paper, the formulation is applicable to complicated geometries.
For cross sections with walls that cannot be considered thin,
the present formulation should be modified to allow for a
higher-order polynomial distribution of strain through the
thickness. Extension to the modeling of large deflections or
finite rotations for composite beams will be made in the near

future.
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